Abstract. Radially polarized illumination produces, in combination with annular pupil filtering, the sharpest focal spot. However, the enhanced sidelobes produce an effective deterioration of spatial resolution. This study shows that if one substitutes the annular filter by one, adequately designed, shaded-mask filter, the sidelobes' strength is strongly reduced, and an important, effective improvement of resolution is achieved.
Introduction
The improvement of the resolution of optical instruments and devices has been the aim of many research studies in the last few decades. As pointed out first by Abbe, after the formulation of his wave theory for microscopic imaging, 1 the spatial resolution is mainly restricted by the ability of imaging systems to produce a tight diffraction spot when imaging a light point source. One classic method suggested for obtaining a tighter diffraction spot is the insertion of an annular binary mask in the aperture stop. 2, 3 This technique works fairly well in low numerical aperture ͑NA͒ imaging systems. However, when using modern microscope objectives with high NA, the polarization properties of the illumination light field play a dominant role. [4] [5] [6] [7] [8] This is because, in general, the three orthogonal field components appear in the focal region. As a result of it, the use of annular apertures does not produce the expected tighter focal spot, but a spot in which the longitudinal polarization component has increased its strength so that a pronounced asymmetry is induced. This is the focusing phenomenon known as the splitting effect. 9 As a result of it, the focal spot broadens and, consequently, the resolution worsens.
It has been recently demonstrated that annular filters can be still useful in high-NA focusing geometries provided that a special polarization pattern is used for the illumination. Specifically, Dorn et al. 10 experimentally demonstrated that radially polarized illumination produces a sharper focus, and it is immune to the splitting effect. So, annular filters can be used to make the focal spot even narrower. However, as we show in this paper, even in the case of working with such special illumination, the annular filters produce a strong detrimental effect if used in conventional wide field microscopes. We refer to the enhancement of the focal-spot sidelobes, which produce an effective deterioration of the lateral resolution.
What we propose in this paper is to use a modified version of the annular filters. We design a whole family of filters that are simply composed by a purely absorbing circular mask. We will see that by adequately changing the area and transmittance of the shaded mask, one can modify at will, between certain limits, the percentage of energy within the lateral sidelobes. We show that when one of these filters is inserted in the aperture stop of the focusing objective of a scanning microscope, an effective improvement of resolution is achieved.
The paper is organized as follows. In Sec. 2, we compare the focusing properties of linearly and radially polarized light beams. In Sec. 3, we study the utility of annular filters in systems under radially polarized illumination and conclude that even when working with such illumination, the use of the filter deteriorates the spatial resolution. In Sec. 4, we change the strategy and study the utility of pupil filtering in nonlinear scanning microscopy. To this end, we extend the paraxial concept of resolution gain to the case of strongly focused radially polarized fields. This new parameter allows us to design a novel class of pupil filters, the so-called shaded-mask ͑SM͒ filters. These filters have the ability of narrowing the focal spot but avoiding the enhancement of the sidelobes. We show that by inserting an adequately selected SM filter in the objective aperture stop, an important improvement of lateral resolution can be effectively achieved. Finally, in Sec. 5, we outline the main achievements of this work.
The Structure of Tightly Focused Radially
Polarized Light Beams Let us start by considering the case of a linearly polarized, monochromatic plane wave that impinges on a high-NA focusing system, as schematized in Fig. 1 . According to the electromagnetic focusing theory of Richards and Wolf, eter accounts for the angle between the polarization direction of the incident field ͑assumed, without loss of generality, to be x polarized͒ and the meridian plane under study. Note, from Eq. ͑1͒, that field components perpendicular to the initial polarization appear in the focal region. Besides, due to the explicit dependence with , the field components are not radially symmetric ͑see Fig. 2͒ .
Strong focusing is the key for obtaining high resolution in imaging systems. Scanning microscopes constitute the most widely used technique in the area of threedimensional ͑3D͒ micro imaging. To improve their lateral resolution, the use of annular masks has been classically proposed. However, as shown by Gu and coworkers, 9 when such devices work with high-NA focusing elements and linearly polarized illumination, the use of annular masks produce an undesired splitting effect in the focal spot. When this occurs, instead of the expected superresolution effect, an effective deterioration of lateral resolution is achieved.
A novel strategy for avoiding the detrimental consequences of the splitting effect was proposed by Dorn et al. 10 Their approach is based in the use of radially polarized illumination. It is straightforward to find that, under such illumination, the electric field in the focal region has only two polarization components. One is in the radial direction and the other in the longitudinal one. In mathematical terms, E͑r,z,;͒ = I 1 Ј͑r,z;͒cos i + I 1 Ј͑r,z;͒sin j 
2 , and ͑d͒
In the calculations, we assumed that = 632.8 nm. 
where r and z are radial and axial coordinates, as measured from the focus of the wave front, J n ͑•͒ is the nth-order Bessel function, and P͑͒ is the pupil function. Because we are interested in the transverse section of the focal field, we can particularize the previous equations to points in the focal plane, and obtain
͑5͒
In Fig. 3 , we have represented the normalized intensity distribution of the electric-field components in the focal plane. Note that in this case, most of energy ͑68%͒, is associated with the longitudinal component of the field. This percentage is much higher when an annular filter is inserted. For this reason, in such a case, one can accurately approximate the field in the focal plane by E͑r,0;͒ Ϸ 2iI 0 Ј͑r,0;͒k
3 Lateral Resolution Improvement by Annular Filters The insertion of an opaque circular mask centered in the aperture stop of a high-NA objective produces a significant narrowness of the central lobe of the focal spot provided that the objective is illuminated by a radially polarized light beam. To illustrate this fact, in Fig. 4 , we have plotted the intensity distribution in the focal plane corresponding to the circular aperture and also to the annular filter. For these calculations, we have selected the annular pupil such that its light throughput is half the light throughput of the circular aperture. Note, however from the figure, that the important narrowness of the central lobe ͓14% in terms of the full width at the half maximum ͑FWHM͔͒ is accompanied by a significant enhancement of the lateral sidelobes. So, it is not clear from the figure if the new focal spot really improves the lateral resolution. To respond to this question, it is convenient to calculate the Hankel transform of curves in Fig. 4 , that is, the so-called optical transfer function ͑OTF͒. In Fig. 5 , we have plotted the OTFs and found how detrimental the sidelobes' enhancement is. The inspection of this figure shows that the spatial-frequency transference obtained with the annular filter is much worse than the transference corresponding to the circular aperture over 84% of the frequency range. Thus, one can readily conclude that contrary to what is usually assumed, the annular binary mask does deteriorate the resolution of microscopes, even in the optimum case of radially polarized illumination.
A different question is the utility of pupil engineering in nonlinear scanning microscopy. Let us focus our attention in the two-photon excitation ͑TPE͒ scanning microscopy. This nonlinear imaging technique relies on the simultaneous absorption of two photons, whereby a single fluorescence photon is emitted. 12 The overall fluorescent light is collected and finally the image is synthesized from the 3D sampling of the object. TPE fluorescence microscopy can be considered as self-pinholed due to the square dependence of the up-converted signal with the incoming inten- Fig. 3 Same three-dimensional maps as in Fig. 2 , but for the case of radially polarized illumination. In this case, the overall intensity distribution is radially symmetric.
sity. As a result of that, contrast is dramatically enhanced by the subsequent sidelobes lowering in the illuminating spot. In Fig. 6 , we have plotted the TPE point spread functions ͑PSFs͒ and OTFs corresponding to the unapodized circular aperture and the annular mask. The calculations of ͉E͑r ,0;͉͒ 4 were done according to Eq. ͑5͒. Note that now the annular binary mask produces small sidelobes, and consequently, the frequency transference is enhanced over a wide range of lateral frequencies, giving rise to an effective improvement of lateral resolution.
The Design of SM Filters
A drawback that appears inherent to the use of annular masks in TPE scanning microscopy is photobleaching. Note that, although at any scanning position only a small region of the sample is imaged; the whole sample is slightly bleached due to the sidelobes height enhancement. To reduce this detrimental effect, we propose to apply the shaded-ring ͑SR͒ concept, which was designed to improve the optical sectioning capacity of scanning microscopes, 13 the lateral resolution. The design procedure is similar to that reported by Martinez-Corral et al., 14 but adapted to the lateral response of high-NA focusing elements under radially polarized illumination. Then we first need to define a parameter that evaluates the narrowness produced, on the PSF, when using a pupil filter. Such a parameter was already defined in a paraxial context. We refer to the resolution gain parameter. So, what it is necessary at this point is to adapt the paraxial, scalar, concept of resolution gain to the more general case of strongly focused, radially polarized light beams. To this end, we first rewrite Eq. ͑6͒ as
The lateral PSF of the TPE scanning microscope is given by PSF 2p = ͉E͑r,0;͉͒ 4 . ͑9͒
Next, we expand the normalized PSF into a power series, up to a second-order approximation and, after straightforward calculations, find that
͑10͒
where m n is the nth-order moment of function Q͑͒, defined by 
In the proposed second-order approximation, the normalized PSF is a parabolic function whose width is proportional to ͑1−m 2 / ͓m 0 − m 2 /2͔͒ −1/2 . Given a pupil mask, one can define the gain in transverse resolution, G T , as the ratio between the PSF width corresponding to the mask and the one of the circular aperture. Therefore,
where subscript m refers to the mask, and subscript c to the nonapodized circular pupil. Our proposal here is to substitute the opaque circular mask by an adequate shaded circular mask. The actual form of the resulting SM filters, which can be understood as members of a more general class of filters known as leaky filters, 15 is shown in Fig. 7 . The mapped transmittance is a function of two parameters, and . Consequently, the gain resolution depends on these parameters as well. Calculation of moments for the SM filters gives
and
Consequently, the transverse gain is 
͑15͒
Note that, given a value for G T , all pairs ͑ , ͒ fulfilling Eq. ͑15͒ correspond to filters with the same central-lobe width, but different sidelobes energy. Any pair ͑ =1, ͒ corresponds to an annular binary, considered now as a member of the SM-filters family. According to our aim of minimizing the sidelobes' strength for a given value of G T , we will select the leaky filter that maximizes the focused-light efficiency, understood as the ratio between the central-lobe energy and the overall diffracted energy. In other words, the one that minimizes the sidelobes to peak ratio ͑SLPR͒, defined as
with r 1 being the radial coordinate of the first minimum.
We have calculated the family of SM filters with the same resolution gain as the annular binary filter used in the previous calculations; that is, G T = 0.72. In Fig. 8 , we have plotted the values of SLPR. As stated above, the binary filter appears the right end of the curve ͑corresponding to = 1 and = 0.35͒. Note that any member of the SM family has smaller SLPR than the binary filter and therefore produces a smaller bleaching effect. Note that the variation of SLPR with is close to linear. The smaller the value of is, the smaller SLPR is, and, consequently, the smaller the photobleaching effect. Also, with the smaller light throughput, the minimum value for SLPR is obtained with the unrealizable filter =1 =1 ͑in fact the opaque screen͒. To deal with a realistic filter for our calculations, we select an intermediate SM filter corresponding to the pair = 0.20, = 85. If we define the undesired bleaching as the one produced by the sidelobes, we find that the amount of undesired bleaching produced by the selected SM filter ͑SLPR = 0.025͒ is 1.5 times smaller tha the one produced by the binary mask ͑SLPR= 0.037͒. As it can be seen in Fig. 7 , where we have added the curves corresponding to the selected SM filter, the OTF of the SM filter is superior to the one of the circular over the 63% of the spatial spectral range and to the one of the annular apertures over all the frequency range. So, we can conclude that the SM filters provide an effective improvement in spatial resolution.
Conclusions
We have shown that by the combined use of radially polarized illumination and SM filtering, one can obtain a tighter focal spot in which the sidelobes have been importantly reduced. The depolarization effect, inherent in highaperture focused linearly polarized beams, has been avoided by means of incident radial polarization, and the reduction of sidelobes' strength permits the achievement of an effective superresolving effect, which can be very useful in scanning microscopy architectures. Our method improves the results obtained with annular filters because the sidelobes have been minimized by nearly a factor 1.5.
